We study canonical quantization of an open universe with a cosmological constant and minimal massless scalar field. It is found that for the exotic quantum states of the scalar field the Wheeler-DeWitt equation of the Lorentzian geometry has a classically forbidden regime extending from the cosmological singularity to a finite scale factor and then a classically allowed regime extending to infinity. We find analytically the approximate wave functions for the quantum creation of the Universe from the nothingness. We prescribe the Hartle-Hawking's no-boundary, the Linde's and the Vilenkin's tunneling wave functions. In particular, we find the wave functions for the Euclidean geometry, whose semiclassical solutions are regular at the matching boundary with the Lorentzian geometry but singular at the cosmological singularity.
I. INTRODUCTION
Recently Hawking and Turok have proposed an open universe model using a singular gravitational instanton for the Euclidean FRW geometry coupled to a minimal scalar field [1] . Further, they have used this instanton to claim that the no-boundary proposal seems to be the most favorable initial (boundary) condition for the wave function of the Universe. This open universe model provoked again an argument [2] and a counter-argument [3] among the leading proposals for the initial condition of the wave function of the Universe. Currently it is widely accepted that the very early Universe emerged quantum mechanically from a Euclidean regime into the Lorentzian regime of the present Universe. Leading proposals for such wave function are the Hartle-Hawking's no-boundary [4] , the Linde's [5] and the Vilenkin's tunneling [6] wave functions. (For the differences among the wave functions, see Ref. [7] .)
In this paper we study canonical quantization of a closed FRW universe minimally coupled to a massless scalar field in both Lorentzian and Euclidean geometries and find the wave functions that match these two geometries. Wave functions for the FRW universe with all topologies (closed or open or spatially flat) were already found in Ref. [8] when quantum states of the minimal massless scalar field have positive definite energy density. Vilenkin [9] has also found that the closed Euclidean FRW universe with the minimal massless scalar field has a singular instanton, which shares some property similar to the Hawking-Turok's instanton. However, for these ordinary (positive energy density) quantum states of the massless scalar field the Lorentzian FRW universe always have, regardless of its topology, classically allowed motions even near the cosmological singularity. Therefore, the quantum creation of the Universe, through which the cosmological singularity and many other cosmological problems are to be solved, needs a mechanism to generate a classically forbidden regime including the singularity in the Lorentzian geometry. In this paper a proposal is advanced that some exotic quantum states may lead to the classically forbidden regime necessary for the quantum creation of the Universe.
One may naively adopt the quantum mechanical interpretation that a classically forbidden regime under potential barrier can be interpreted as the tunneling regime with an imaginary time. In cosmological context this implies that the classically forbidden regime of the Lorentzian geometry should correspond to the classically allowed regime of the Euclidean geometry. Recently we have observed that the classically forbidden regime of the Lorentzian geometry corresponds to a classically allowed regime of the Euclidean geometry and found a rule to transform wave functions which are well-defined in the Euclidean geometry into those in the Lorentzian geometry [10] . To properly treat the quantum creation of the Universe one needs to quantize not only the Lorentzian geometry but also the Euclidean geometry and to match wave functions of both geometries.
The organization of this paper is as follows. In Sec. II we study the quantum FRW cosmological model with a cosmological constant and massless scalar field. It is found that the Wheeler-DeWitt equation can have the right wave functions for the quantum creation of the Universe only when the scalar field has some exotic quantum states. In Sec. III using the approximate wave functions found in Sec. II we prescribe the no-boundary wave function by Hartle-Hawking, the wave function by Linde and the tunneling wave function by Vilenkin. In Sec. IV we study the same model in the Euclidean geometry and find the wave function of the Euclidean geometry corresponding to the classically forbidden regime of the Lorentzian geometry. In Sec. V we derive the semiclassical Einstein equation and find the asymptotic solutions in two regimes. The semiclassical solutions of the wave functions of the Euclidean geometry are regular at the matching boundary with the Lorentzian geometry but singular the cosmological singularity.
II. A MODEL FOR QUANTUM CREATION OF UNIVERSE
We consider the quantum cosmological model for the FRW universe with a cosmological constant and minimal massless scalar field, which is described by the action
where
is the Planck mass, and Λ and φ denote the cosmological constant and the scalar field, respectively. The surface term for the gravity is introduced to yield the correct equation of motion for the closed universe. In the ADM formulation for the Lorentzian geometry with the metric
one obtains from the action (1) the Hamiltonian constraint
where π a = − 
When Eq. (4) is regarded as a two-dimensional zero-energy Schrödinger equation, the standard interpretation and techniques of quantum mechanics can be employed. We consider two kinds of quantum states for the scalar field: one is an ordinary matter state and the other is an exotic matter state. Firstly, let us consider the ordinary quantum state
which has a positive energy eigenvalue with respect to the scalar field Hamiltonian
Since the Hamiltonian of the massless scalar field is positive definite in Lorentzian spacetimes, the quantum state (5) represents an ordinary matter. Inserting Eq. (5) into Eq. (4), one separates the gravitational field equation
is an effective potential for the gravitational field. Equation (7), the zero-energy Schrödinger equation, has two classically allowed regimes dominated by either the scalar field for small a or the cosmological constant for large a, which are separated by a potential barrier dominated by the scalar curvature. The Universe with the ordinary quantum state should then tunnel quantum mechanically from the Planckian FRW regime, which is also classically accessible, to the Lorentzian spacetime of a de Sitter phase. In this strict sense, the Wheeler-DeWitt equation (4) with ordinary quantum states can not describe genuinely the quantum creation of the Universe from the nothingness. Next, let us consider an exotic quantum state
which has a negative energy density with respect to the Hamiltonian
The quantum state (9) has also an imaginary momentum eigenvalue and in this sense represents an exotic matter. However, the state (9) diverges in one side as φ → ±∞. To have a well-behaved wave function at a = 0, as required by the Hartle-Hawking no-boundary wave function, one needs to match smoothly both branches of Eq. (9). This can be done by defining the new quantum state, which is symmetric with respect to φ = 0:
Then the quantum state (11) converges as e −hκ|φ| as φ → ±∞ and has the same first and second derivatives as the quantum state (9) when the limit is taken under the condition |φ| > ǫ as φ → 0. Now the exotic matter contributes a back-reaction with the opposite sign to the effective potential of the gravitational field equation
The effective potential has a classical turning point approximately given by a t ≈ 3 Λ
. The classically forbidden regime is dominated by both the scalar curvature and the scalar field, and the classically allowed regime is dominated by the cosmological constant. Note that even the Planckian scale regime belongs to the classically forbidden regime. Therefore, the Wheeler-DeWitt equation (4) can describe the quantum creation of the Universe from the nothingness only when the scalar field has the exotic quantum state (9) or (11) .
We now find the approximate wave functions in the classically allowed (a > a t ) and classically forbidden (a < a t ) regimes. The asymptotic solutions valid throughout the whole regime can be found by using the Liouville-Green transformation [11] . Firstly, in the classically allowed regime, Eq. (12) can be rewritten as
In this regime the scalar field contributes insignificantly, so we approximately solve Eq. (15) to obtain
For |η| >> 1, ∆(η) = − . It is worthy to mention that ∆(η) approaches to a constant value even at the turning point. Then two branches of wave functions are found to be
Here Φ L,ex. (φ) is either Eq. (9) or (11), depending on the behavior required at φ → ±∞, and Ai(−η), Bi(−η) are the Airy functions [12] , and δ(η) ≃ ∆ 0 for |η| << 1 and δ(η) ≃ − 1 80η 2 for |η| >> 1. These wave functions are real and show an oscillatory behavior.
The analytic wave functions are also found approximately in the classically forbidden regime. In this regime we change the variable as
and rewrite Eq. (12) as
We solve Eq. (18) approximately to get
and find the wave functions
A few comments are in order. The Eq. (19) is the analytic continuation of Eq. (14) through ζ = −η. Moreover, the fact that δ(η) or δ(ζ) shifts only a phase even at the turning point η = 0 or ζ = 0 justifies the validity of the Liouville-Green transformation as a good approximation valid even near the classical turning point. For large argument ζ, the Airy function Ai(ζ) is exponentially decreasing, but Bi(ζ) is exponentially increasing. We also point out the fact that the the classically forbidden regime corresponds to a Euclidean regime. In the Euclidean regime one has π (11), has a real momentum in the Euclidean geometry and becomes an ordinary matter [10] . Hence gluing the Euclidean Universe with the Lorentzian Universe can be explained naturally as the quantum creation.
III. PRESCRIPTION FOR THE WAVE FUNCTIONS
Using the approximate wave functions in Sec. II, we may prescribe the leading proposals, the Hartle-Hawking's no-boundary wave function, the Linde's wave function and the Vilenkin's tunneling wave function. We consider first the Hartle-Hawking's no-boundary wave function. In the classically forbidden regime a < a t ≈ 3 Λ , the no-boundary wave function, which is bounded for all φ at a = 0, is given by the wave function
From the asymptotic expansion of the Ai(ζ) for large ζ [12] , we obtain approximately the wave function
S g is the gravitational instanton under the potential barrier. Near the cosmological singularity, ζ and S g become sufficiently large, so the no-boundary wave function is regular at the cosmological singularity. In the classically allowed region, the no-boundary wave function can be obtained by analytically continuing ζ of Eq. (18) beyond the classical turning point, which is nothing but ζ = −η and the corresponding wave function is one branch of solutions of Eq. (17)
One finds that the asymptotic form of the no-boundary wave function is given by
Secondly, the Linde's wave function in the classically forbidden regime is prescribed by
From the asymptotic form
one sees that the Linde's wave function diverges at the cosmological singularity. In the classically allowed region the Linde's wave function is given by the other branch of solutions of Eq. (17)
and has the asymptotic form
Finally, the Vilenkin's tunneling wave function in the classically forbidden regime is prescribed by
The tunneling wave function has the asymptotic form
It is the linear superposition of an exponentially growing and an exponentially damping branch of wave functions. Similarly, in the classical allowed regime the tunneling wave function is given by the linear superposition of two branches of solutions of Eq. (17)
which in another form describes obviously the expanding Universe
where H
1/3 is the Hankel function of the first kind.
IV. CANONICAL QUANTIZATION OF EUCLIDEAN GEOMETRY
We now turn to the Wheeler-DeWitt equation in the Euclidean geometry. In the ADM formulation for a Euclidean geometry with the O(4)-symmetric metric
the action (1) leads to the Hamiltonian constraint
. Canonical quantization of the closed Euclidean universe proceeds via the Dirac method by imposing the Hamiltonian constraint (36) as the Wheeler-DeWitt equation
It is worthy to notice that Eq. (37) for the closed Euclidean universe is the same as that for an open Lorentzian FRW universe. Though the energy for the gravity-matter system vanishes, both the scalar and gravitational fields can oscillate throughout the evolution of the universe, because the curvature for the Euclidean universe plays the role of a negative potential for the gravitational field (scale factor). We thus find the quantum states
for the scalar field HamiltonianĤ
The Wheeler-DeWitt equation (37) is then separated into the gravitational field equation
is the effective potential for the gravitational field. Again it is worth pointing out that the gravitational field equation (40) of the Euclidean geometry is exactly the inverted motion (12) of the Lorentzian geometry, which enables us to interpret the Lorentzian regime under the potential barrier as a Euclidean regime [10] . In the Euclidean geometry the scalar field contributes a back-reaction to the effective potential, which provides a classical motion near b = 0, whereas the cosmological constant acts as the potential barrier to the Euclidean geometry, which is in contrast with the Lorentzian geometry. The classically allowed regime is largely determined by the cosmological constant and extends to the turning point b t = 3 Λ . As for the Lorentzian geometry, we may find analytically the approximate wave functions in the classically forbidden (b > b t ≈
Λ
) and classically allowed (b t < b) regimes. However, we are mostly interested in the wave functions of the Euclidean geometry in the classically allowed regime, which is to be matched with the Lorentzian wave function. We again make use of the Liouville-Green transformation [11] , which now reads
In the regime b t > b ≫ 0 the contribution from the scalar field is negligible, so we approximately solve Eq. (43) to get
Noting that ∆(χ) is small for large χ and approaches a constant value even at the turning point χ = 0, we find the wave functions
Eqs. (17) and (45) are the wave functions in the classically allowed regime of the Lorentzian and Euclidean geometries, respectively. These wave functions are transformed according to the rule in Ref. [11] , from which the wave functions in the classically forbidden regime of Lorentzian geometry are obtained by the correspondence χ = η = −ζ, and k = iκ from π Eφ = iπ φ .
V. SEMICLASSICAL APPROACH TO GRAVITATIONAL INSTANTON
To exploit the meaning of these wave function we adopt the semiclassical (quantum) gravity approach [13] and compare with the classical gravity. In the semiclassical (quantum) gravity approach one sets the wave function to have the form
And one introduces the cosmological (WKB) time
along a classical trajectory where the oscillating wave function is peaked. Tehn along the classical trajectory one obtains the following semiclassical Einstein equation for the Euclidean geometry
and the time-dependent Schrödinger equation for the scalar field
Let us now compare the semiclassical result with the classical one. In the O(4)-symmetric closed Euclidean FRW universe
the classical equations of motion are the Einstein equation
and the scalar field equation
It should be noted that providedhk = 2π 2 p, where p = b 
1/2 near the turning point, where the Euclidean geometry is matched with the Lorentzian geometry. However, at the very early stage of evolution all the Lorentzian universes expand, regardless of their topologies, according to the power-law b = τ 1/3 and the scalar field diverges logarithmically, which is the characteristic feature of the spatially flat universe with a stiff matter [8] . This power-law is essentially the same result obtained by Hawking and Turok for the Euclidean FRW universe with a minimal scalar field, in which the kinetic energy dominates over the potential energy [1] . Due to the power-law behavior of the scale factor, the scalar field diverges logarithmically at the cosmological singularity. Such power-law behavior was also found by Vilenkin for the Euclidean universe with the minimal massless scalar field [9] .
VI. CONCLUSION
In this paper we have studied canonical quantization of a closed FRW universe with a massless scalar field and cosmological constant in both Lorentzian and Euclidean geometries. It is found that only when the quantum states of scalar field are exotic, the wave functions can describe the genuine quantum creation of the Universe from nothingness. The wave functions are found approximately in the classically forbidden and allowed regimes of the Lorentzian geometry, in terms of which the Hartle-Hawking's no-boundary, the Linde's and the Vilenkin's tunneling wave functions are prescribed. The Wheeler-DeWitt equation is also obtained for the closed Euclidean FRW geometry, which is the same as that of the open Lorentzian geometry. The classically forbidden regime of the Lorentzian geometry corresponds now to a classically allowed regime of the Euclidean geometry. The wave functions are found approximately in the classically allowed regime of the Euclidean geometry. The semiclassical limit of these wave functions in the Euclidean geometry gives essentially the similar result obtained by Hawking and Turok [1] , in which the kinetic energy of the scalar field dominates over the potential energy, and in particular, almost the same result obtained by Vilenkin for a minimal massless scalar field model [9] . However, our semiclassical solution has a logarithmic divergence at the cosmological singularity but becomes regular (asymptocally flat) on the matching boundary between the Euclidean and Lorentzian geometries. Thus in canonical quantization of the open Universe we are able to avoid the divergence problem in evaluating the action for gravity-matter system.
The correspondence between the Lorentzian and Euclidean geometries allows us to find a spectrum of wave functions in the classically forbidden regime of the Lorentzian near the cosmological singularity, which can be interpreted as the wave functions for quantum creation of the Universe from nothingness. In particular, those regular wave functions at the cosmological singularity may be interpreted as quantum wormholes [14] , whose spectrum of wave functions exhibit an exponentially damping behavior due to the scalar curvature of three geometry for large size and a regular behavior for small size of the cloased Universe. Furthermore, these wave functions have negative energy densities showing the characteristic feature of an exotic matter, but this is expected somehow because ordinary matters provide only a classically allowed regime near the cosmological singularity in the Lorentzian geometry. Our model needs a cosmological constant to emerge from the potential barrier that is dominated by the kinetic energy of the scalar field and the scalar curvature of the three geometry. The issue of the initial (boundary) condition of the wave function for quantum creation of the Universe is not completely settled, because canonical quantization leads to the Wheeler-DeWitt equation, a relativistic wave functional equation for gravity-matter system, and even to the gravitational field equation, the Schrödinger equation with an effective potential for gravity. So at most one can obtain a spectrum of wave functions.
